Abstract. We show that the Radon transform related to closed geodesics is injective on a Lie group if and only if the connected components are not homeomorphic to S 1 nor to S 3 . This is true for both smooth functions and distributions. The key ingredients of the proof are finding totally geodesic tori and realizing the Radon transform as a family of symmetric operators indexed by nontrivial homomorphisms from S 1 .
Introduction
If G is a compact Lie group, is a function f : G → C determined from its integrals over all closed (periodic) geodesics? This article is concerned with answering this question, and the result is indeed affirmative apart from few special cases, and for those cases we provide counterexamples. It suffices to consider connected groups, since the recovery in question can be done separately for each connected component; recall that the connected components of a compact Lie group are isometric to each other. The only compact, connected Lie groups on which the recovery is impossible are the trivial group, S 1 = SO(2) = U (1) and S 3 = SU (2) = Sp (1) . The only spheres that are Lie groups are precisely S 1 and S 3 . LetΓ denote the set of periodic geodesics of G. The Radon transform (or the X-ray transform) R is an integral transform taking a function f : G → C to the function Rf :Γ → C defined by Rf (γ) =´γ f . Our question is equivalent with asking if R is injective. This definition obviously makes sense for smooth functions f and we extend the definition to distributions by duality. Our injectivity results hold for distributions as well.
The same problem has been considered earlier on the sphere by Funk [6] and on tori by various authors [16, 1, 11] . A very similar problem was very recently considered by Grinberg and Jackson [8] on symmetric spaces of compact type. Instead of geodesics, they integrate over maximal tori. They characterize the kernel of the Radon transform on L 2 (G) and show that the Radon transform is injective if and only if the symmetric space coincides with its adjoint space. All compact Lie groups are compact symmetric spaces, but not all of them are of compact type.
The Radon transform on the group SO(3) has applications in texture analysis. If an object contains lattices in several orientations, one may be interested in the orientation density function f : SO(3) → R, which is a probability density. Diffraction measurements give the Radon transform of f , while f itself is not directly experimentally accessible. To the best of our knowledge, applications in the study of polycrystalline structures are limited to SO(3). The Radon transform on SO(3) has been studied because of this application (see e.g. [10, 2] ). It turns out that SO(3) is the only connected, compact Lie group of rank one with injective Radon transform, whence it appears as a special case in the proof of our main result below.
Injectivity of the Radon transform has also been studied on closed manifolds that are not Lie groups or even symmetric spaces.
In particular, there are results on manifolds of negative curvature [9, 4] and more generally on Anosov manifolds [5] (there are also results for tensor fields [13, 14] ). Anosov manifolds can be seen as a generalization of manifolds with negative curvature. Therefore they are very different from compact Lie groups, which never have negative curvature. The limiting case, the flat torus T n , is not an Anosov manifold. Our methods are close to those used by the first author for similar problems on tori [11] . The only compact, connected, abelian Lie groups are tori, and it turns out that the general case can be reduced to the abelian one. We also provide a new proof of the injectivity of R on tori, which is more representation theoretical in nature than the original one. The key observation made in [11] is that the Radon transform is symmetric when the geodesics are parametrized in a suitable way, and this remains true when tori are replaced with more general Lie groups.
To uniquely determine what the geodesics are, we need to fix a metric on the Lie group. We take any bi-invariant metric (which is known to exist on all compact Lie groups), whence geodesics are identified with cosets of one parameter subgroups. It follows that all Lie subgroups are totally geodesic. Geodesics are thus identified with left cosets of one parameter subgroups. The Haar measure on G is the Riemannian volume measure given by the metric and thus bi-invariant. We remark that on tori any left invariant metric is bi-invariant and all metrics give the same geodesics, so the choice of the metric is does not matter in the Abelian case.
We denote the set of smooth functions on G by T = T (G) and its dual (the space of distributions) by T = T (G); these spaces are equipped with their usual topologies. Our main result is the following: Theorem 1.1. Let G be a compact, connected Lie group that has at least two elements. Equip G with any bi-invariant metric. The following are equivalent:
(1) The Radon transform is injective on T (G).
(2) The Radon transform is injective on T (G).
The definition of the Radon transform on distributions is given in equation (3) . Note that we have excluded the trivial group by assumption; it is of little interest to consider groups of dimension zero in this context. We will sketch the proof here and give a detailed proof at the very end of this article.
The implication 2 =⇒ 1 is trivial and the converse is based on a duality argument. For the implication 1 =⇒ 3 we only need to give counterexamples on the two exceptional groups. The hardest part is showing that 3 =⇒ 1.
The rank of a Lie group is the dimension of its maximal torus. Therefore all Lie groups of rank two or higher contain a two dimensional torus as a subgroup. We will show below that if the Radon transform is injective on a subgroup of G, then it is injective on G as well. It then follows that the Radon transform can only fail to be injective when the rank is one. But there are only three compact, connected Lie groups of rank one: S 1 , S 3 and SO(3). Injectivity of the Radon transform has been shown earlier for SO(3) because of its applications. Remark 1.2. Conditions 1 and 3 are equivalent under the weaker assumption that the metric is only left (or right) invariant. Proposition 2.2 remains true with one sided invariance and any left invariant metric on a torus is also right invariant.
Our proof of the implication 2 =⇒ 1 and the definition of the Radon transform on distributions rely on lemma 4.1, which uses left invariance of the metric and right invariance of the Haar measure. If one can prove lemma 4.1 for a left invariant metric, the assumption of bi-invariance can be dropped from theorem 1.1.
Besides injectivity, one naturally wants an explicit reconstruction for the transform R. As the injectivity is based on injectivity on tori, reconstruction can also be done once reconstruction is known on tori. This reconstruction can be made explicitly on the Fourier side, see [11] . The only injectivity result not based on the one on tori is that of SO(3). A reconstruction method for this group can be found in [10] .
One of the results in [8] was that the kernel of R on L 2 (S 3 ) is precisely the space of antipodally antisymmetric functions. If ∼ is the equivalence relation identifying antipodal points on S 3 , then S 3 /∼ = SO(3). This combined with the arguments of the proof of proposition 2.4 gives a way to understand why the Radon transform is injective on SO(3). The identification S 3 /∼ = SO(3) shows the projective structure SO(3) = RP 3 ; for a discussion of integral geometry in projective spaces see [7] .
If G = S 1 , the kernel of R is exactly the space of functions with zero mean. This is easy to see since the Radon transform essentially takes the function to its mean. If G is the trivial group, there are no geodesics, and the Radon transform of any function is the empty function.
Closed geodesics on G are, up to translation, nontrivial homomorphisms
As the integral over any function on G over γ is the same as that over σ, it is possible to restrict our attention to injective homomorphisms in the construction of geodesics. This restriction corresponds to assuming that geodesics not only have period one, but that it is their minimal period. We, however, do not make this restriction.
We can also define the d-plane Radon transform on G if G has rank d or higher. In this case the geodesics are replaced with d-dimensional "planes", corresponding to homomorphisms T d → G that have image of dimension d. These homomorphisms can also be written as a composition T d → T d → G of a surjective and an injective homomorphism. If the rank of G is strictly greater than d, the d-plane Radon transform is injective on smooth functions on G by the arguments given in the proof above. We will not investigate which groups of rank d have injective d-plane Radon transforms -this question (on some Lie groups) was studied in [8] .
Some tools and observations
The following lemma is of great importance to us, since it allows relating the Radon transform on a group to the one on a subgroup. The result follows from the well known fact that the geodesics with respect to a left (or right) invariant metric are the left (or right) cosets of the nontrivial homomorphic images of S 1 . For results on totally geodesic subgroups, we refer to [12] . Lemma 2.1. Every Lie subgroup of a compact Lie group is totally geodesic.
We will usually denote points on G by x. Integration is always done with respect to the bi-invariant Haar measure, which is simply denoted by dx.
We list below some simple observations about the Radon transform on Lie groups. All of them are not needed for our result, but we think that they help understanding the nature of the problem. Proposition 2.2. Suppose H is a Lie subgroup of a compact connected Lie group G. If the Radon transform (on smooth functions) is injective on H, it is also injective on G.
Proof. Fix any g ∈ G. The submanifold gH is totally geodesic in G by lemma 2.1, so the Radon transform of a function f ∈ T (G) on G gives the Radon transform of f | gH on gH. Since gH is isometric to H, the Radon transform is injective on it, so the function f can be reconstructed on gH from its Radon transform on G. Since this holds for all g ∈ G, we have reconstruction on all of G.
In the case of Lie groups, the following proposition follows directly from the previous one, but we present it in more generality. R any right inverse of it. Let f ∈ T (M/H). We observe that for any geodesic γ on M we have
The result of the proposition above can also be written as R
Fourier analysis on Lie groups
Fourier analysis on the compact, connected Lie group G is one of our key tools. (In fact, we only use it on tori, but we want to give a Fourier analytic view to the full problem at hand.) If we assumed that G is abelian, it would follow that G is a torus, and the classical Fourier analysis on tori is indeed a special case of the more general framework that we will present. Since the Radon transform on tori was already covered in [11] , we will never assume that G is abelian. Much of the discussion in this section follows the book of Ruzhansky and Turunen [15] .
3.1. Representation theory. We recall that a representation of the group G is a group homomorphism ρ : G → GL(C n ) for some n. The representation represents the elements of the group as n × n complex square matrices so that multiplication commutes with ρ. The number n is the dimension of the representation ρ. We restrict our attention to finite dimensional complex representations; as it turns out, these suffice for our purposes.
A representation ρ is unitary if each ρ(g), g ∈ G, is a unitary matrix. A representation ρ is reducible if we have a splitting C n = V 1 ⊕ V 2 so that ρ(g)V i = V i for all g ∈ G for both i = 1, 2 and 0 < dim V 1 < n. If ρ is not reducible, it is called irreducible. Two representations ρ 1 and ρ 2 are equivalent if they have the same dimension and there is an invertible matrix A such that
To understand all representations of the group G, it often suffices to study the irreducible unitary representations. For basics of representation theory, see for example [15, Part III] .
We letĜ denote the set of all irreducible unitary representations of the group G, including only one representation from each equivalence class. The setĜ is not uniquely defined; there is a freedom of making a unitary change of basis for each representations, but this freedom is irrelevant for us. The objectĜ is called the dual of G, but it has a natural structure of a group if and only if G is abelian (in this caseĜ is called the Pontryagin dual group of G). The dual of the torus is
As for the torus, the setĜ is always countably infinite. [15] define the Fourier transform of a function f ∈ L 2 (G) as a functionf :
Fourier transform. Ruzhansky and Turunen
where Q = {(ρ, i, j); ρ ∈Ĝ and 1 ≤ i, j ≤ dim ρ}.
If G is a torus, this is the usual Fourier series. We denote by 2 (Q) the space of functions ϕ : Q → C with the norm
The most important properties of the Fourier series on tori hold true in this more general setting, namely: 
We find it more convenient to work with whole matrices instead of their elements, so we will define the Fourier transformf of f ∈ L 2 (G) asf
Sincef (ρ) is a dim ρ × dim ρ-matrix, the Fourier transform is not a mapping to a nice function space. In our notation the Parseval identity becomes
, where A : B = tr(AB T ) denotes the matrix inner product. Note that ·, · is not an inner product since it includes no conjugation; this will be more convenient when the same notation is used for the duality between smooth functions and distributions.
We use the same definition for the pairing f, g when one of the functions f and g is matrix valued. In particular, the Fourier transform is written as (2)f (ρ) = f, ρ .
Distributions. Let T = C
∞ (G) denote the space of smooth functions on our group G. The dual space of T is denoted by T ; it is equipped with the weak star topology and referred to as the space of distributions. We write the duality pairing of f ∈ T and g ∈ T as f, g and we use the same notation if g ∈ C ∞ (G; C n×n ). The Fourier transform on T is simply defined by equation (2) . Also the Parseval identity (1) is valid for the duality pairing. Injectivity of the Fourier transform on T follows from that on T . Namely, if f ∈ T satisfiesf (ρ) = 0 for all ρ ∈Ĝ, then f, g = f ,g = 0 for all g ∈ T and consequently f = 0.
Analysis of the Radon transform
Recall thatΓ is the collection of periodic geodesics on G. We denote by Γ the set of nontrivial homomorphisms S 1 → G; thus Γ can be seen as the subset ofΓ that goes through the trivial element e ∈ G. We scale time so that the period of every geodesic is 1; this amounts to identifying S 1 = R/Z. Each periodic geodesic on G is of the form S 1 t → xγ(t) ∈ G for some x ∈ G and γ ∈ Γ. For a geodesic γ ∈ Γ the reverse geodesic γ −1 is also the pointwise inversion with respect to the group structure.
With this parametrization, we define the Radon transform Rf of f ∈ T as a function on G × Γ by
The function x → Rf (x, γ) is smooth, and in fact the mapping T f → Rf (·, γ) ∈ T is a continuous linear map for every γ ∈ Γ.
4.1. Symmetry. A key property of the Radon transform is that it is symmetric when Γ is seen as a parameter set. This observation for tori was at the heart of the paper [11] . We remark that such symmetry is not meaningful on general closed manifolds. To be able to translate geodesics, the isometry group of the manifold should at least act transitively. This is true on Lie groups, but there is also other structure that we make use of. Lemma 4.1. For any f, g ∈ T and γ ∈ Γ we have Rf (·, γ), g = f, Rg(·, γ) .
Proof. Using right invariance of the Haar measure yields
Lemma 4.1 motivates a weak definition of the Radon transform for distributions. Namely, for f ∈ T we let Rf (·, γ) be the distribution that satisfies
It is also important that for each γ ∈ Γ the map T f → Rf (·, γ) ∈ T is continuous; this follows from the fact that the corresponding map in T is continuous.
Smooth functions and distributions.
We define the convolution of two functions f, g ∈ T via
This convolution is slightly nonstardard, but it is convenient for us. For a distribution f ∈ T we define its convolution with η ∈ T by
It is easy to verify that
for every f ∈ T and γ ∈ Γ. In fact, this holds also for f ∈ T , interpreted in the distributional sense, of course.
Lemma 4.2.
If R is injective on T , it is also so on T .
Proof. Suppose f ∈ T satisfies Rf (·, γ) = 0 for all γ ∈ Γ. We will show that f = 0. We have by (4)
for all γ ∈ Γ and k ∈ N. But η k * f ∈ T , so by injectivity of R on T we have η k * f = 0. By convergence of the convolution, we have f = lim k→∞ η k * f = 0.
Representation integrals.
When we use the following lemma, we have a single geodesic instead of a finite collection. It would be interesting to find a condition similar to the assumption of the lemma that is equivalent with the statements of theorem 1.1. We do not know if this is already true for the formulation below. For a better chance of this being the case, we state it in more generality than needed. This issue boils down to better understanding of integrals of representations over geodesics.
The following lemma concerns sums of representation integrals, but let us first make a remark about single integrals. Fix some representation ρ : G → GL(C n ) and an injective homomorphism γ : S 1 → G. Let us write C = γ(S 1 ) for the circle subrgoup. We are interested in the integral
We normalize S 1 to have unit measure. If V ⊂ C n is the subspace of invariants under ρ| C , then J is a projector from C n onto V . Thus the matrix J is invertible if and only if V = C n , which definitely fails if ρ is faithful. On the other hand lemma 4.4 guarantees invertibility under a condition which is quite the opposite of faithfulness. Proof. Assume that f ∈ T is such that Rf (·, γ) = 0 for all γ ∈ Γ. We need to show that f = 0.
We have for each ρ ∈Ĝ and γ ∈ Γ by lemma 4.1 and homomorphicity of representations that
Fix any ρ ∈Ĝ. Let geodesics γ i and complex numbers a i , i = 1, . . . , N , be those given by the assumption. Summing equation (5) with weights a i and geodesics γ i we obtain
Since the sum gives an invertible matrix, it follows thatf (ρ) = f, ρ = 0. By injectivity of the Fourier transform (theorem 3.1) this implies that f = 0. Proof. Since the representation ρ is a group homomorphism, its kernel ker ρ is a (normal) subgroup of G. By the dimensional assumption there is a periodic geodesic γ : [0, 1] → ker ρ with γ(0) = e. By lemma 2.1 this γ is in fact a geodesic in G. Since γ lies in the kernel of ρ, the matrix ρ(γ(t)) is the unit matrix for all t.
The following theorem was proven in [11, Theorem 2] . We give a new short proof of this theorem.
Theorem 4.5. If n ≥ 2, the Radon transform is injective on distributions on the torus T n .
Proof. By lemmas 4.3 and 4.4 it suffices to show that each ρ ∈ T n has a kernel of dimension one or higher. The torus is abelian, so all irreducible representations have dimension one. Since n ≥ 2, this implies that the kernel always has dimension one or higher.
4.4.
Proof of the main result. We are now ready to give a detailed proof of theorem 1.1.
Proof of theorem 1.1. The implication 2 =⇒ 1 is trivial since T ⊂ T . Lemma 4.2 shows that 1 =⇒ 2. By theorem 4.5 condition 1 is true when G is the torus T n = R n /Z n with n ≥ 2. (Injectivity of R on tori was also shown in [11] .) By proposition 2.2 condition 1 is true for G if it is true for any subgroup. Thus it is true for any G that contains a torus of dimension two or higher as a subgroup -or, in other words, its rank is at least two. The only compact, connected Lie groups not satisfying this condition are the trivial group, S 1 = SO(2) = U (1), S 3 = SU (2) = Sp(1) and SO(3); this follows from the classification of compact Lie groups. But condition 1 is known to hold for SO(3); see [10, Theorem 3.3] for this result and the rest of the thesis for a thorough discussion of this special case. Therefore 3 =⇒ 1.
To conclude the proof, we show 1 =⇒ 3 by providing nontrivial functions in the kernel of R on S 1 and S 3 . On S 1 any function with zero average does the job, and on S 3 we may choose any function that is antisymmetric with respect to the antipodal map (that is, f ∈ T (S 3 ) with f (−x) = −f (x)).
